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Abstract
Marusic has shown that every vertex-transitive graph of order p3 is isomorphic to a Cayley
graph. Hence to classify vertex-transitive graphs of order p3, it suces to determine necessary
and sucient conditions for two Cayley graphs of a group G of order p3 to be isomorphic
(the isomorphism problem). In this paper, we determine necessary and sucient conditions for
two Cayley graphs of Zp  Zp2 to be isomorphic. In subsequent papers, we will consider the
remaining groups of order p3 for which the isomorphism problem has not been solved. c© 2000
Elsevier Science B.V. All rights reserved.
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Let p be a prime. In 1982, Marsic [10] proved that every vertex-transitive graph of
order p3 is a Cayley graph. Hence to complete the classication of vertex-transitive
graphs of order p3, it suces to determine the isomorphism classes of Cayley graphs of
each group G of order p3. For Cayley graphs of Zp3 , this has been accomplished [6,9],
and it has also been shown [5,14] that any two Cayley graphs of Z3p are isomorphic
by a group automorphism of Z3p. Thus, we must determine the isomorphism classes of
Cayley graphs of every other group of order p3. There is one other abelian group of
order p3, namely Zp  Zp2 , and at most two [8] nonabelian groups of order p3.
For general information on permutation groups, the reader is referred to Wielandt
[13] and for notation to Dobson [5]. Let G be a group and H G − f1g such that
H =H−1. We dene the Cayley graph  (G;H) to be the graph with V ( (G;H))=G
and E( (G; ))=f(g; gh) : g 2 G, h 2 Hg. H is said to be the connection set of  (G;H).
We will say   is a Cayley graph for G if  = (G;H) for some H G−f1g, H=H−1.
Clearly, if   is a Cayley graph for G then GL = fgL :G ! G : gL(x) = gx; g 2 Gg6
Aut( ). We shall say that a Cayley graph   of G is a CI-graph with respect to G if
given any Cayley graph  0 of G such that   is isomorphic to  0, then   and  0 are
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isomorphic by some  2 Aut(G). Babai [2] characterized this property in the following
way.
Lemma 1 (Babai [2]). For a Cayley graph   of G the following are equivalent:
(1)   is a CI-graph;
(2) given a permutation  2 SG such that −1GL6Aut( ); GL and −1GL are
conjugate in Aut( ).
In this paper, we will determine the isomorphism classes of Cayley graphs of
Zp  Zp2 . In subsequent papers we will consider the two nonabelian groups of order
p3. It has been shown that Zp2 is not a CI-group with respect to graphs [1], and hence
Zp  Zp2 is not a CI-group with respect to graphs [11]. The only obstacle to Zp2
being a CI-group with respect to graphs is that some Cayley graphs of Zp2 are also
Cayley graphs of ZpZp. Such graphs are the only Cayley graphs of Zp2 that are not
CI-graphs of Zp2 . We will show that this is essentially the only obstacle to Zp  Zp2
being a CI-group with respect to graphs. That is, every Cayley graph of ZpZp2 that
is not a CI-graph of Zp  Zp2 is also a Cayley graph of Z3p. After a denition, we
begin by proving a lemma that will allow us to dispose of the cases where   is a
wreath product.
Denition 2. Let G be a transitive group that admits a complete block system B of m
blocks of size k. If g 2 G, then g induces a permutation of the block system B; which
we denote by g=B. Hence there is a homomorphism  : G ! Sm given by (g)= g=B.
We denote the kernel of this homomorphism by xG(B) = fg 2 G: g(B) = B for all
B 2 Bg. For a positive integer n, dene N (n) to be the normalizer in Sn of the group
generated by a cyclic shift of 1, i.e. N (n) = ff 2 Sn :f(x) = ax+ b; a 2 Zn ; b 2 Zng.
If n= p, then N (p) is usually denoted AGL(1; p).
Note 1. Let G be a transitive group acting on a set 
 that admits B as a complete
block system, 2 xG(B), and B2B. We will often have need to consider the function
 dened by (x) = (x) if x 2 B and (x) = x if x 62 B. For convenience, we will
consistently abuse notation by referring to  as jB. The context will make clear whether
jB 2 SB or  2 S
.
Lemma 3. Let   =  1o 2; where  1 is a Cayley graph of Zp or Zp2 and  2 is a
Cayley graph of Zp2 or Zp. Then   is a CI-graph of ZpZp2 or   is also a Cayley
graph of Z3p.
Proof. Clearly   is a Cayley graph of ZpZp2 . We will only consider the case where
 1 is a Cayley graph of Zp and  2 a Cayley graph of Zp2 . The other case, where  1
is a Cayley graph of Zp2 and  2 a Cayley graph of Zp is done analogously. If  2
can be written as a nontrivial wreath product, then  2 =  3o 4, where  3 and  4
are Cayley graphs of Zp. Then   =  1o( 3o 4) and   is a Cayley graph of Z3p.
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We thus assume that  2 cannot be written as a nontrivial wreath product. Dene
1; 2 :Zp  Zp2 !Zp  Zp2 by 1(i; j) = (i + 1; j) and 2(i; j) = (i; j + 1). Let G =
h1; 2i= (Zp  Zp2 )L, and ’ 2 SZpZp2 such that ’−1G’6Aut( ). By [1], a Sylow
p-subgroup of Aut( 2) has order p2. By [12], Aut( )=Aut( 1)oAut( 2). We conclude
that Aut( ) admits a complete block system B of p blocks of size p2 formed by the
orbits of h2i and a Sylow p-subgroup of Aut( ) is isomorphic to ZpoZp2 . In fact, one
such Sylow p-subgroup is = h1; 2jB :B2Bi. Note that ’−1G’ is a p-subgroup of
Aut( ) and so is contained in a Sylow p-subgroup 1 of Aut( ). Hence there exists
 2 Aut( ) such that −1’−1G’6. As 1 commutes with 2 and 2jB commutes
with 2 for every B2B, h2i6Z(), the center of . As a transitive abelian group is
self-centralizing, we have that Z()6h1; 2i. A straightforward computation will then
show that 12jB 6= 2jB1 so that Z() = h2i. As −1’−1G’ is a regular abelian
group, it is also self-centralizing. We conclude that h2i6−1’−1G’.
As −1’−1G’ is transitive and isomorphic to ZpZp2 , there exists  2 −1’−1G’
such that h; 2i=−1’−1G’ and jj=p. Then =B 6= 1. As  2 , (i; j)=(i+b; j+ci),
b2Zp, ci 2Zp2 . By raising  to an appropriate power, if necessary, we assume, with-
out loss of generality, that b= 1. As jj=p, we have that Pp−1i=0 ci  0 (modp2). As
2jB 2  for every B 2 B, the permutation k :ZpZp2 ! ZpZp2 by k(i; j)=(i; j) if
i 6= k and k(k; j)=(k; j+1) is contained in . Hence the permutation  : ZpZp2 !
Zp  Zp2 dened by (i; j) = (i; j + c0 + c1 +    + ci−1) is also contained in .
A straightforward computation will then show that −1 = 1. As h2i6Z(), we
have that −12 = 2 so that −1−1’−1G’ = G. The result then follows by
Lemma 1.
Denition 4. Let G be a transitive group acting on a set X . Let O0;O1; : : : ;Or be the
orbits of G acting on X  X . Assume that O0 is the trivial orbit f(x; x) : x 2 X g.
Dene digraphs  1;  2; : : : ;  r by V ( i) = X and E( ) = Oi. Dene the 2-closure of
G, denoted by cl(G), to be
Tr
i=1 Aut( i). Hence cl(G) is the largest subgroup of SX
whose orbit acting on X  X are the same as the orbits of G acting on X  X .
Denition 5. Let G be a group. We say that G is a weak CI-group via H with respect
to graphs if and only if whenever a Cayley graph   of G is not a CI-graph of G,
then   is also a Cayley graph of H and H is a CI-group with respect to graphs.
Lemma 6. Let  be a Sylow p-subgroup of N (p2). Then  admits a complete block
system B of p blocks of size p formed by the orbits of hpi. If p 6= 2 and  2 
such that jj=p; then  2 x(B) and N (p2) does not contain a transitive subgroup
isomorphic to Z2p.
Proof. Let  be a Sylow p-subgroup of N (p2). Then jj=p3 as jN (p2)j=p(p−1)p2.
Dene ;  :Zp2 !Zp2 by (i) = i + 1 (modp) and (i) = (1 + p)i. It is then straight-
forward to verify that  2 N (p2) and  62 hi. Thus  = h; i. Furthermore, as
hi /N (p2), we have that = hi  hi. Of course, as  is a p-group, it has nontrivial
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center, so that we may choose  2 Z(), the center of , of order p. Then h; i is
abelian, so that  2 hi. Thus we may choose  = p. Hence,  admits a complete
block system B of p blocks of size p formed by the orbits of hi. Let ! 2  be of
order p. Then != ji for some i 2 Zp2 and j 2 Zp. Thus !(x)= (1+p)jx+ i. Then
!p(x) = (1 + p)pjx + i
p−1X
k=0
i(1 + p)kj:
As (1 + p)‘ = 1 + ‘p, we have that !p(x) = x + ip. As !p(x) = x, we have that
i  0 (modp). Thus ! 2 x(B) and N (p2) does not contain a transitive subgroup
isomorphic to Z2p.
Let 1; 2 :Zp Zp2 by 1(i; j) = (i+1; j) and 2(i; j) = (i; j+1). Let G= h1; 2i=
(Zp  Zp2 )L.
Lemma 7. Let 6SZpZp2 be a p-group such that G6 and  admits complete
block systems B of p2 blocks of size p formed by the orbits of hp2 i and C of p
blocks of size p2 formed by the orbits of h2i. If x(B) = hp2 i; then  = G.
Proof. If =B=G=B, then the result is trivial. We thus assume that =B 6= G=B. Then
=B is a p-subgroup of Sp2 so that =B6ZpoZp. We conclude that xC()=B6
1Sp oZp so that xC()=B is abelian. Thus if 2 xC(), 2−1−12 2 x(B)= hp2 i.
Hence −12jC 2 h2ijC for every C 2C, and x(C)jC6N (p2). As =B 6= G=B and
j=Cj = p, there exists  2 x(C) such that =B 6= 1 but =B 2 Stab=B(B), for
some B 2 B. As =B 6= 1, it follows from Lemma 6 that jj=p2. Then p 2 x(B)
but pjB = 1. Thus p 62 hp2 i, a contradiction.
Lemma 8. Let B be the complete block system of G formed by the orbits of h2i. Let
  be a Cayley graph of Zp Zp2 and ’ 2 SZpZp2 such that hG;’−1G’i6hG; 
p
2 jB :
B 2 Bi = ; where  is a Sylow p-subgroup of Aut( ). Then G and ’−1G’ are
conjugate in .
Proof. Let C be the complete block system of  formed by the orbits of hp2 i. As
=C is abelian, =C admits a complete block system formed by the orbits of h1i=C,
so that  admits a complete block system D formed by the orbits of h1; p2 i. Fur-
thermore, x(D) = ZpoZp. It was shown by Godsil [7] that any two regular sub-
groups isomorphic to Z2p in ZpoZp are conjugate in ZpoZp. As G contains a unique
subgroup isomorphic to Z2p, namely h1; p2 i, ’−1h1; p2 i’ is the unique subgroup of
’−1G’ isomorphic to Z2p. As x(D) contains subgroups of G and ’−1G’ iso-
morphic to Z2p, we conclude that ’(D) = D. Let C 2C and 2 x(D) such that
−1’−1h1; p2 i’jC = h1; p2 ijC . Note that x(D) = x(D)jC0 for every C0 2C.
We conclude that −1’−1h1; p2 i’ = h1; p2 i. Then −1’−11’ = a1bp2 for some
a; b 2 Zp. Note that   is a CI-graph of Zp Zp2 if and only if ( ) is a CI-graph of
ZpZp2 for all  2 Aut(ZpZp2 ). Dene  : ZpZp2 ! ZpZp2 by (i; j)=(ai; cj),
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where c=1 if b=0 and c= b otherwise. Then  2 Aut(ZpZp2 ) and −1a1b2= 1.
Replacing   with −1( ), we assume, without loss of generality, that a=1 and b=0.
As  is a Sylow p-subgroup of Aut( ) and hG;’−1G’i6, we have that
’−1’ = . Whence ’−1hp2 jB: B 2 Bi’ = hp2 jB: B 2 Bi and ’(B) = B. Thus
’(i; j) = ((i); i(j)) for some  2 N (p) and i 2 N (p2). As ’−11’ = 1, we have
that i = j for all i; j 2 Zp. We conclude that ’−12’ 2 h2i and ’−1G’= G.
Lemma 9. Let B be the complete block system of G formed by the orbits of h1; p2 i.
Let   a Cayley graph of ZpZp2 and ’ 2 SZpZp2 such that hG;’−1G’i6hG; 1jB :
B 2 Bi = . If  is a Sylow p-subgroup of Aut( ); G and ’−1G’ are conjugate
in .
Proof. As x(B)jB = ZpZp for every B 2 B and =h2; x(B)i, we have that 
admits a complete block system C formed by the orbits of hp2 i. Clearly x(C)=hp2 i
so that j=Cj=pp+1. Hence =C = ZpoZp. Furthermore, as h1jB: B 2 Bi6 is the
only subgroup of  isomorphic to Zpp, we have that ’−11’=C 6= 1. Hence, G=C =
Zp  Zp and ’−1G’=C = Zp  Zp and are clearly both regular. As any two regular
subgroups of Zp  Zp are conjugate in ZpoZp [7], there exists  2  such that
−1’−1G’=C = G=C. As x(C) = h2i, we have that −1’−1G’= G.
Theorem 10. Zp  Zp2 is a weak CI-group via Z3p with respect to graphs.
Proof. Let   be a Cayley graph of ZpZp2 and ’ 2 SZpZp2 such that ’−1G’6Aut( ).
Then G is contained in a Sylow p-subgroup  of Aut( ) and ’−1G’ is contained in a
Sylow p-subgroup 0 of Aut( ). Hence there exists  2 Aut( ) such that −10=.
By replacing ’ with ’, we assume that 0=. As  is a p-group,  has nontrivial
center, so we may choose 2Z() such that jj= p. Then hi /  so that the orbits
of hi form a complete block system B of . Furthermore, as G6, B is also
a complete block system of G so that B is formed by the orbits of some normal
subgroup of G or order p. Dene an equivalence relation  on B by B  B0 if and
only if whenever  2 x(B) then jB is a p-cycle if and only if jB0 is a p-cycle.
Then by Lemma 2 of Dobson [5] the union of the equivalence classes of  form a
complete block system E of  and jE 2 Aut( ) (and thus ) for every E 2 E. If E
consists of p2 blocks of size p, then   is isomorphic to the wreath product of either a
circulant graph of order p2 and a circulant graph of order p, or a Cayley graph of Z2p
and a circulant graph of order p. As Zp2 is a weak CI-group via Z2p, by Lemma 3
either   is a CI-graph of ZpZp2 of   is a Cayley graph of Z3p and the result follows.
We thus henceforth assume that E consists of p blocks of size p2 or 1 block of
size p3.
Observe that =B admits a complete block system of p blocks of size p (its center
is also nontrivial) so that  admits a complete block system C of p blocks of size
p2, where the blocks of C are formed by the orbits of h2i, h2k1i, k>1, or h1; p2 i.
We rst consider when C is formed by the orbits of h2i.
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If C is formed by the orbits of h2i, then B is formed by the orbits of hp2 i and
p2 2 x(B). If E consists of one block of size p3, then x(B) = hp2 i and by
Lemma 7 we have that  = G. Whence by Lemma 1   is a CI-graph of Zp  Zp2 .
If E consists of p blocks of size p2, then E = C or E is formed by the orbits of
h1; p2 i. If E is formed by the orbits of h1; p2 i, then x(B) = hp2 jE : E 2 Ei. As
E and C are complete block systems of , we have that =B = Zp  Zp. Hence
x(C) = 1Sp  (ZpoZp) and  = Zp  (ZpoZp). Thus   is a Cayley graph of Z3p.
If E=C, then x(B)=hp2 jC :C 2Ci. If j=Bj>p2, then   is the wreath product
of an order p circulant over an order p2 circulant. Furthermore, the order p2 circulant
which is isomorphic to  [C], C 2 C, is a CI-graph of Zp2 as p3=jjAut( [C])j. By
Lemma 3,   is a CI-graph of Zp  Zp2 . Hence we assume j=Bj = p2. Then  =
hG; p2 jC :C 2Ci, and by Lemma 8   is a CI-graph of Zp  Zp2 .
If C is not formed by the orbits of h2i, then C is formed by the orbits of h2k1i for
some k 2 Zp, k 6= 0, or h1; p2 i. Note that   is a CI-graph of Zp Zp2 if and only if
( ) is a CI-graph of Zp  Zp2 for every  2 Aut(Zp  Zp2 ) and   is also a Cayley
graph of Z3p if and only if ( ) is a Cayley graph of Z3p for every  2 Aut(ZpZp2 ).
Then there exists (see [3, p. 5])  2 Aut(ZpZp2 ) such that (2k1)=2 and (1)=1.
By replacing   with ( ), we may thus assume, without loss of generality, that C is
formed by the orbits of h2i or h1; p2 i, and by arguments above that C is formed
by the orbits of h1; p2 i. Then B is formed by the orbits of hp2 i or h1a2i, for some
a 2 Zp. By viewing   under the image of an appropriate automorphism of Zp  Zp2
as above, we may thus assume, without loss of generality, that B is formed by the
orbits of h1i or hp2 i. We rst consider when B is formed by the orbits of h1i.
If E consists of p blocks of size p2, then x(B) = h1jB: B 2 Bi. If j=Bj>p2,
then   is the wreath product of a circulant graph of order p over a Cayley graph of
Zp2 , so that   is a Cayley graph of Z3p. If j=Bj = p2, then j = h2; 1jB: B 2 Bi
and the result follows from Lemma 9.
If E consists of 1 block of size p3, then x(B) = h1i. If j=Bj = p2, then
 = h1; 2i and by Lemma 1   is a CI-graph of Zp  Zp2 . If j=Bj>p2, then
=B6ZpoZp and p2 =B 2 Z(=B). Hence hp2 =Bi / =B so that hp2 ; 1i /  and
jj6pp+2. We now consider when x(C)jC6h1; p2 ijC for every C 2 C.
As j=Bj>p2, jx(C)j>p2 andhenceStabx(C)(0; 0) 6= 1.Let  2 Stabx(C)(0; 0)
such that  6= 1. As x(C)jC6h1; p2 ijC for every C 2 C, jC0 =1, where (0; 0) 2 C0.
Note that if jCi 6= 1, (i; 0) 2 Ci, then if there is an edge between (0; 0) and (i; j),
then (0; 0) is adjacent to (i; k), where (i; j) and (i; k) are contained in the same orbit of
jCi . Let jCi=ap2 b1jCi . Assume that jC2i 62 hap2 b1ijC2i . Then each orbit of jC2i contains
exactly one element from each orbit of jCi , and hence (0; 0) is adjacent to (i; k) for
every k 2 Zp2 . Arguing inductively, either jC 2 hap2 b1ijC for every C 2 C, or   is
the wreath product of an order p-circulant over a Cayley graph of Zp Zp, in which
case x(C) 6= h1i, a contradiction. Thus jC 2 hap2 b1ijC for every C 2 C. Then
hG; i6hG; ap2 b1jC : C 2 Ci= H . Note H admits C and it is straightforward to check
that hap2 b1i / H . Thus H admits a complete block system D formed by the orbits of
hap2 b1i. As  2 xH (D), it follows by Lemma 2 of Dobson [5] that ap2 b1jC 2  for
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every C 2 C. Thus H6 and jH j=pp+2. As jj6pp+2, =H . If b=0, then it is
not dicult to see that = (ZpoZp)Zp, and hence that   is a Cayley graph of Z3p.
If b 6= 0, then rst observe that ap2 b1 2 Z(). Hence by replacing   with ( ), where
 is an appropriate automorphism of Zp  Zp2 , we may assume that a= 0. Hence,  
is a CI-graph of Zp  Zp2 by Lemma 9.
If x(C)jC
 h1; p2 ijC for some C 2 C, then x(C)jC 
 h1; p2 ijC for any C 2 C.
Let  2 x(C) such that  62 h1; p2 i. Recall that h1; p2 i / . Hence −1p2 = p2 a1,
a 2 Zp. We consider the cases where  2 NSZpZp2 (h1; 2i), or  62 NSZpZp2 (h1; 2i)
separately.
If  62 NSZpZp2 (h1; 2i), then let 1jCi = zi;0zi;1 : : : zi;p−1, where each zi; j is a p-cycle
that permutes (i; j + ip). It is easy to check that as −12= 
p
2 
a
1, we have that
jCi = z−ai;1 z−2ai;2 : : : z−(p−1)ai;p−1 (pbi2 ci1 )jCi
for some bi; ci 2Zp. Let 0 = cl(h1; 2; −12i). As h1; 2; −12i6, it follows
from Exercise 2:4:5 of Dixon and Mortimer [4] that cl(0)6cl() = . Note that
x0(C)jC6hp2 ; 1ijC for all C 2C, so by arguments above either   is a Cayley
graph of Z3p or 0 = h1; 2; cp2 d1 jC :C 2 Ci, for some c; d 2 Zp. Hence we assume
that 0=h2; cp2 d1 jC :C 2 Ci, for some c; d 2 Zp, in which case j0j=pp+2. However,
jj6pp+2 so that  =0 but  62 0, a contradiction. Hence  2 NSZpZp2 (h1; 2i).
Assume that there exists 1; 2 2 such that h1; 2i= h1; 2i but h1; 2i 6= h1; 2i.
Then h1; 2i admitsB as a complete block system. As h1; 2i= h1; 2i, xh1 ;2i(B) 6= 1
and hence xh1 ;2i(B) = h1i. Thus 1 2 h1; 2i. As every element  of  such that
=C 6= 1 can be written in the form 2!, ! 2 x(C) and h1; 2i 6= h1; 2i, there
exists ! 2 x(C) such that 2! 2 h1; 2i. Note that every element of Zp2 can be
written uniquely in the form j+kp, j; k 2 Zp. Then !(i; j+kp)=(j+kp(i); j+j(k)p),
where i 2 Sp and i; j 2 Sp. Furthermore, by arguments above, we may assume that
!2NSZpZp2 (h1; 2i) and !jCi 62 h
p
2 ; 1ijCi . We conclude that j+kp(i)=i+ak, for some
a 2 Zp, a 6= 0. As !=B 6= 1, we have that j(k) = k + bj, for some b 2 Zp, b 6= 0.
Then !−12! = 
1−bp
2 , where (i; j + kp) = (i − abj; j + kp). As a; b 6= 0, −ab 6= 0
so that ! 62 NSZpZp2 (h1; 2i), a contradiction. Hence there is only one subgroup of 
is isomorphic to h1; 2i, so that ’−1h1; 2i’= h1; 2i. By Lemma 1   is a CI-graph
of Zp  Zp2 .
If B is formed by the orbits of hp2 i, then if E consists of p blocks of size p2, then
E is formed by the orbits of h2a1i or h2; p2 i. If E is formed by the orbits of h2a1i,
then this case reduces to the one considered above. If E is formed by the orbits of
h1; p2 i and j=Bj>p2, then   is the wreath product of a circulant graph of order p
over a Cayley graph of ZpZp, and   is a Cayley graph of Z3p. If j=Dj=p2, then
 = h1; 2; p2 jC : C 2 Ci, and again this case reduces to the one considered above.
If E consists of 1 block of size p3, then x(B) = hp2 i. If j=Bj = p2, then
 = h1; 2i and   is CI-graph of Zp  Zp2 . If j=Bj>p2, then =B6ZpoZp and
1=B 2 Z(=B). Hence h1=Bi / =B so that hp2 ; 1i / . By arguments above, if
x(C)jC6h1; p2 ijC for every C 2 C, then the result follows. Replacing 1 by p2
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in arguments above will show that we may assume, without loss of generality, that if
 2 ,  62 h1; 2i, then  2 NSZpZp2 (h1; 2i), and (i; j) = (i + [aj (modp)]; j + ibp)
for some a; b 2 Zp, a 6= 0 6= b. If there exists ! 2  such that ! 62 h; 1; 2i, then
similar arguments will show that !(i; j)=(i+[cj (modp)]; j+idp), for some c; d 2 Zp
with c 6= 0 6= d. By raising  and ! to appropriate powers, we assume for the moment
that a = 1 = c. Then !−1(i; j) = (i; j + i(b − d)p). As ! 62 h; 1; 2i, we have that
b−d 6= 0 so that !−1 2 x(B) but !−1 62 hp2 i, a contradiction. Thus =h; 1; 2i
so that jj= p4.
Suppose that  contains a regular subgroup G0 = ZpZp2 . Let g0 2 G. Note that if
k 6= 0, then c1pd2 k(−db−1; k−1;−ca−1k−1)=(−db−1k−1;−ca−1k−1) and c1pd2 k has
a xed point. Hence g0 6= c1pd2 k for k 6= 0. As G06 is transitive, xG0(C)6x(C).
We conclude that xG0(C)= h1; p2 i. As G/ and Ghi=, every element of  can
be written in the form k , where  2 G and k 2 Zp. We conclude that 2k 2 G0 for
some k 2 Zp, k 6= 0. Then −11 = 1−bp2 so that (2k)−112k = 1−kbp2 and G0
is not abelian, a contradiction. Thus in this case as well,  contains a unique regular
subgroup isomorphic to Zp  Zp2 and the result follows from Lemma 1.
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